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a b s t r a c t
The square of a graph G is the graph obtained from G by adding edges joining those pairs of
vertices whose distance from each other in G is two. If G is connected, then the cyclomatic
number ofG is defined as |E(G)|−|V (G)|+1. Graphswith cyclomatic number nomore than
one whose square is Hamilton-connected have been characterized, among other things, in
Chia et al. (2009) [3]. Here,we characterize all graphsGwith cyclomatic number twowhose
square is Hamilton-connected.
© 2011 Elsevier B.V. All rights reserved.
Let G be a graph. The square of G, denoted as G2, is the graph obtained from G by adding edges joining those pairs of
vertices whose distance from each other in G is two. A graph is Hamilton-connected if any two vertices are connected by a
Hamilton path. It has been shown (in [2]) that if G is 2-connected, then G2 is Hamilton-connected.
A graph is panconnected if, between any pair of distinct vertices, it contains a path of each length at least the distance
between the two vertices. The concept of panconnectedness of graphs was introduced by Alavi andWilliamson in [1]. It has
been shown (in [4]) that if G is 2-connected, then G2 is panconnected.
Clearly, a panconnected graph is Hamilton-connected but not conversely. However, in the square of graphs, these two
concepts are equivalent as noted by Fleischner [5].
Theorem 1 ([5]). Let G be a connected graph. Then G2 is panconnected if and only if G2 is Hamilton-connected.
Suppose G is connected. Then the number |E(G)| − |V (G)| + 1, denoted as c(G), is called the cyclomatic number of G.
Clearly, c(G) = 0 if and only if G is a tree. Also, c(G) = 1 if and only if G is a unicyclic graph.
A cut edge xy of G is termed an internal cut edge if both the degrees of x and y in G are at least 2.
Theorem 2 ([3]). Let G be a graph such that G2 is panconnected. Then G has no internal cut edge.
An immediate consequence of Theorem 2 is that, if c(G) = 0, then G2 is panconnected if and only if G ∼= K1,n, the tree
with all vertices but one of degree 1.
Moreover, among other things, the set of all graphs G such that c(G) = 1 and G2 is panconnected is characterized in [3]
(see Theorem 3).
Motivated by this, wewish to characterize all graphsG such that c(G) = 2 andG2 is panconnected (see Theorems 4 and 5).
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1. Preliminaries
In this section, we shall show that if c(G) = 2 and G2 is panconnected, then Gmust be a member of the two families of
graphs described below (see Lemma 1).
Definition. A graph is called an SF graph if it is obtained from an n-cycle x1x2 . . . xnx1 (n ≥ 3) by joining each vertex xi to a
new set of independent vertices Axi (called the pendent set of xi). If for some 1 ≤ i ≤ n, Axi is an empty set, then the SF graph
is said to be broken.
Theorem 3 ([3]). Let G be a unicyclic graph. Then G2 is panconnected if and only if G is a broken SF graph.
Definition. Let G1 and G2 be two SF graphs whose cycles are x1x2 . . . xmx1 and y1y2 . . . yny1 respectively. Let G(m, n) denote
the graph obtained from G1 and G2 by identifying the two vertices x1 and y1. For each vertex v in G(m, n), let Av denote the
pendent set of v. In this case, we may take Ax1 = Ay1 . We say that G(m, n) is broken if there exist i, j ≥ 2 such that Axi = ∅
and Ayj = ∅.
Notice that for each vertex v in G(m, n), Av induces a complete subgraph in G(m, n)2. Let Pv denote a Hamilton path in
this complete subgraph.
Definition. Let Pα = x1x2 . . . xm,Pβ = y1y2 . . . yn and Pγ = z1z2 . . . zr denote three paths on m, n and r vertices
respectively,where 2 ≤ m ≤ n, r . Identify the end vertices of the three paths so that x1 = y1 = z1 = x and xm = yn = zr = y
and obtain the generalized θ-graph. If m = 2, then we require that n, r ≥ 3. Let Θ(m, n, r) denote the graph obtained by
joining each vertex v of the generalized θ-graph to a new set of independent vertices Av (called the pendent set of v). A
vertex v inΘ(m, n, r) is called a t-vertex if v ∈ {x, y}; v is called an s-vertex if v is a vertex in (Pα ∪Pβ ∪Pγ )− {x, y}. Note
that the union of any two such paths together with all their pendent sets forms an SF graph. In the event that Av = ∅, we
say that the vertex v is pendent-free.
Remark 1. If Av ≠ ∅, then Av induces a complete subgraph in G2. Let Pv denote a Hamilton path in this induced subgraph.
In what follows, very often, we shall be dealing with subpath of the form vPvw or zPvw in G2, where z and w are vertices
adjacent to v and z, w ∉ Av . In the event that Av = ∅, then Pv is an empty path and the corresponding subpath of the form
vPvw or zPvw reduces to the edge vw or zw respectively.
Lemma 1. Let G be a graph with c(G) = 2. If G2 is panconnected, then G is either the graph G(m, n) or else the graphΘ(m, n, r).
Proof. Since c(G) = 2, it is clear that G is obtained from a unicyclic graph H by adding a new edge uv to two non-adjacent
vertices u and v of H . Then either uv creates (i) one or (ii) two extra cycles in H + uv.
Since G2 is panconnected, G has no internal cut edge (by Theorem 2). As such, Case (i) implies that G is the graph G(m, n)
while Case (ii) implies that G is the graphΘ(m, n, r). 
2. Results
We are now ready to determine all graphs G such that c(G) = 2 and G2 is panconnected.
Theorem 4. Let G denote the graph G(m, n). Then G2 is panconnected if and only if G is broken.
Proof. To verify the necessary condition, suppose that G is not broken and assume that Axi ≠ ∅ for all i ≥ 2. We just need
to show that there is no Hamilton path in G2 having x2 and x3 as end vertices.
Let H denote the graph obtained from G2 by deleting the vertices x2 and x3 together with all edges incident to them.
Notice that, in H , the vertices in Ax2 (respectively Ax3 ) are adjacent only to the vertex x1 (respectively x4, or x1 if m = 3).
This means that if there is a Hamilton path P(x2, x3) in G2 with x2 and x3 as end vertices, then P(x2, x3) must contain the
subpaths uPx2x1 and vPx3x4 where {u, v} = {x2, x3}. (Note that, whenm = 3, vPx3x4 = vPx3x1.)
Now, in order that P(x2, x3) covers all the vertices in G1, the subpath vPx3x4 must be extended to a subpath of the form
vPx3x4Px4 . . . xm−1Pxm−1xmPxmx1. But this is a contradiction.
Next we assume that G is broken. Then there exist i, j ≥ 2 such that Axi = ∅ and Ayj = ∅. Let u and v be two vertices in
G. We shall show that there is a Hamilton path P(u, v) in G2 having u and v as end vertices.
Case (1): u is in G1 and v is in G2.
By Theorem 3, there is a Hamilton path P (respectively Q ) in G21 (respectively G
2
2) with u and x1 (respectively y1 and v) as
end vertices. As such PQ is a Hamilton path in G2.
Case (2): u and v are both in G1.
Without loss of generality, assume that u = xk and v = xl for some 1 ≤ k < l ≤ m.
Case (2.1): 2 ≤ i ≤ k < l ≤ m.
Let
L = xkPxkxk−1Pxk−1xk−2Pxk−2 · · · xi+1Pxi+1xiPxi−1xi−1Pxi−2xi−2 · · · x2Px1x1PxmxmPxm−1xm−1 · · · xl+1Pxlxl−1Pxl−2xl−3.
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If k and l are of different parity, then takeM to be the following Hamilton path in G21 with xk and xl as end vertices
L · · · xk+2Pxk+1xk+1Pxk+2xk+3Pxk+4xk+5 · · · xl−2Pxl−1xl.
If k and l are of the same parity, then takeM to be the following Hamilton path in G21 with xk and xl as end vertices
L · · · xk+3Pxk+2xk+1Pxk+1xk+2Pxk+3xk+4 · · · xl−2Pxl−1xl.
Let N denote the following path in G22 with y2 and yn as end vertices
y2Py2y3Py3 · · · yj−1Pyj−1yjPyj+1yj+1Pyj+2 · · · yn−1Pynyn. (*)
LetM1 (respectivelyM2) denote the subpath ofM with xk and x2 (respectively x1 and xl) as end vertices. Since x2y2 is an
edge in G2, we see thatM1NPx1M2 is a suitable Hamilton path P(u, v) in G
2.
Case (2.2): 1 ≤ k < i < l ≤ m.
If l < m, let
L = xk−3Pxk−2xk−1Pxkxk+1Pxk+1xk+2Pxk+2 · · · xi−1Pxi−1xiPxi+1xi+1Pxi+2xi+2 · · · Pxl−1xl−1Pxlxl+1Pxl+2xl+3.
Further, let L1 denote the following path
xm−3Pxm−2xm−1PxmxmPxm−1xm−2 · · · xl+2Pxl+1xl
or the path
xm−2Pxm−1xmPxmxm−1Pxm−2xm−3 · · · xl+2Pxl+1xl
depending on whether l andm are of the same or different parity.
If l = m, let
L2 = xk−3Pxk−2xk−1Pxkxk+1Pxk+1xk+2Pxk+2 · · · xi−1Pxi−1xiPxi+1xi+1Pxi+2xi+2 · · · xl−1Pxlxl.
(i) Suppose k = 1.
If l = m, then we take
M = x1Px1x2Px2x3Px3 · · · xi−1Pxi−1xiPxi+1xi+1Pxi+2xi+2 · · · xl−1Pxlxl
to be the Hamilton path in G21 with xk and xl as end vertices. If l < m, then we take
M = x1Px1x2Px2x3Px3 · · · xi−1Pxi−1xiPxi+1xi+1Pxi+2xi+2 · · · xl−1Pxlxl+1Pxl+2xl+3 · · · L1.
(ii) Now consider the case k > 1.
Suppose k is odd. Then takeM to be the Hamilton path in G21 with xk and xl as end vertices where
M = xkPxk−1xk−2 · · · x3Px2x1Px1x2Px3 · · · L · · · L1 if l < m
and
M = xkPxk−1xk−2 · · · x3Px2x1Px1x2Px3 · · · L2 if l = m.
Suppose k is even. Then takeM to be the Hamilton path in G21 with xk and xl as end vertices where
M = xkPxk−1xk−2 · · · x4Px3x2Px1x1Px2x3 · · · L · · · L1 if l < m
and
M = xkPxk−1xk−2 · · · x4Px3x2Px1x1Px2x3 · · · L2 if l = m.
Let N denote the path in G22 with y2 and yn as end vertices as defined in (*) (of Case (2.1)).
Suppose k = 1. Then let P(u, v) be the Hamilton path obtained fromM by replacing x1 with x1N .
Suppose k > 1.
If k is odd, let M1 (respectivelyM2) denote the subpath of M from xk to x1 (respectively Px1 to xl). Since ynPx1x2 is a path
in G2, we see thatM1NM2 (where x1Px1 is replaced by ynPx1 ) is a suitable Hamilton path P(u, v) in G
2.
If k is even, letM1 (respectivelyM2) denote the subpath ofM from xk to Px1 (respectively x1 to xl). Since x2Px1y2 is a path
in G2, we see thatM1NM2 (where Px1x1 is replaced by Px1y2) is a suitable Hamilton path P(u, v) in G
2.
The case where u or v lies on some pendent set Axi or Ayj can easily be reduced to the above cases. 
Suppose G is a graph and A ⊆ V (G). Let G[A] denote the subgraph of G induced by A.
Lemma 2. Let G denote the graph Θ(m, n, r) where 2 ≤ m ≤ n, r. Suppose G has no pendent-free s-vertex. Then G2 is not
panconnected unless m = 2 and G has a pendent-free t-vertex.
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Proof. We shall show that there is no Hamilton path in G2 having x1 and xm as end vertices unless m = 2 and G has a
pendent-free t-vertex.
First, assume that there is no pendent-free t-vertex in G.
Let H denote the graph obtained from G2 by deleting the vertices x1 and xm together with all edges incident to them.
Let S = {x2, . . . , xm−1, y2, . . . , yn−1, z2, . . . , zr−1}. Then |S| = m+ n+ r − 6 and H − S hasm+ n+ r − 4 components,
H[Axi ], H[Ayj ], H[Azk ]where i = 1, 2, . . . ,m, j = 2, . . . , n− 1 and k = 2, . . . , r − 1. This implies that H has no Hamilton
path and hence G2 has no Hamilton path with x1 and xm as end vertices unless Ax1 = ∅ or Axm = ∅.
Now, assume that Ax1 = ∅ andm ≥ 3. Suppose there is a Hamilton path P(x1, xm) in G2 having x1 and xm as end vertices.
Then, without loss of generality, we may assume that P(x1, xm)must begin with a subpath of the form
M1 = x1Px2x2Px3x3 . . . xm−2Pxm−1xm−1, or
M2 = x1Px2x3x2Px3x4Px4 . . . xm−1Pxm−1 , or
M3 = x1x3Px2x2Px3x4Px4 . . . xm−1Pxm−1 , or
M4 = x1x2Px2x3Px3x4Px4 . . . xm−1Pxm−1
in order that P(x1, xm) covers all the vertices in Pα (except xm) and all the corresponding pendent sets. Since M2,M3 and
M4 each cannot be extended to cover the rest of the vertices in G2, it follows that P(x1, xm) must take the form M1L,
where L is either the subpath Li or the subpath PxmLi, for some i ∈ {1, 2}. Here L1 = yn−1Pyn−1yn−2Pyn−2 . . . y2Py2 and
L2 = zr−1Pzr−1zr−2Pzr−2 . . . z2Pz2 .
Either case is a contradiction because the resulting path cannot be extended to cover the rest of the vertices ofG2 (because
the vertices in Py2 are not adjacent to those in Pz2 and vice versa). 
Theorem 5. Let G denote the graphΘ(m, n, r).
(i) Suppose m = 2 and n, r ≥ 3. Then G2 is panconnected if and only if G has a non-pendent vertex which is pendent-free.
(ii) Suppose m, n, r ≥ 3. Then G2 is panconnected if and only if G has an s-vertex which is pendent-free.
Proof. The necessary part has been established in Lemma 2. We now prove the sufficiency.
(i) Suppose m = 2. Let W be the graph obtained from G by deleting the edge x1xm. Then W is an SF graph. Since G has a
non-pendent vertex which is pendent-free, we see thatW is a broken SF graph andW 2 is panconnected by Theorem 3.
Consequently, G2 is also panconnected.
(ii) Supposem, n, r ≥ 3. Let u and v be two vertices in G. We shall show that there is a Hamilton path P(u, v) in G2. We can
just assume that u and v are in Pα ∪ Pβ ∪ Pγ (since the other cases can be reduced to this case).
Recall that x and y are the two common vertices in G where all the end vertices of the three paths Pα,Pβ and Pγ have
been identified.
Case (1): u and v are on different paths of G.
In this case, since G has a pendent-free s-vertex, there exist two paths, say Pα and Pβ whose union (together with their
pendent sets) form a broken SF graphW . There is no loss of generality to assume that u is inW and v is in Pγ .
By Theorem 3, there is a Hamilton path P1(u, x) in W 2 with u and x as end vertices. We wish to extend P1(u, x) to a
Hamilton path in G2.
Suppose v = zk for some 2 ≤ k ≤ r − 1.
If k = r − 1, then let P2(x, v) = z1Pz2z2Pz3z3 . . . Pzr−2zr−2Pzr−1zr−1.
If k < r − 1, let
L1 = z1Pz2z2Pz3z3 . . . zk−2Pzk−1zk−1Pzkzk+1 and L2 = Pzk+3zk+2Pzk+1zk.
Also, let P2(x, v) denote the following paths (which cover all the vertices in G−W ) with end vertices x and v
L1Pzk+2zk+3 . . . zr−3Pzr−2zr−1Pzr−1zr−2Pzr−3 . . . L2
or
L1Pzk+2zk+3 . . . zr−2Pzr−1zr−1Pzr−2zr−3 . . . L2
depending on whether k and r are of the same or different parity.
We can then take P1(u, x)P2(x, v) to be a suitable Hamilton path P(u, v).
Case (2): u and v are on the same path of G.
Suppose u and v are on the path Pγ say u = zk and v = zl.
Consider the case 2 ≤ k < l ≤ r − 1 first.
Case (2.1): No s-vertex in Pγ has an empty pendent set.
Let P1(y, v) denote the subpath zrPzr−1zr−1Pzr−2 . . . zl−1Pzlzl. Further, let L1 = zkPzk+1zk+2Pzk+3zk+4 and L2 = zk+1Pzkzk−1
Pzk−1zk−2Pzk−2 . . . z2Pz2z1.
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Now let P2(u, x) denote the subpath
L1 . . . zl−4Pzl−3zl−2Pzl−1zl−1Pzl−2zl−3Pzl−4 . . . L2
or the subpath
L1 . . . zl−3Pzl−2zl−1Pzl−1zl−2Pzl−3zl−4Pzl−5 . . . L2
depending on whether k and l are of the same or different parity.
LetW be the subgraph obtained from G by deleting all s-vertices together with their pendent sets from Pγ . ThenW is a
broken SF graph (because Pγ has no empty pendent set). Hence there is a Hamilton path P3(z1, zr) inW 2 with z1 and zr as
end vertices. Then P2(u, x)P3(z1, zr)P1(y, v) = P(u, v) is a suitable Hamilton path in G2.
Case (2.2): Some s-vertex in Pγ has an empty pendent set.
Suppose Azi = ∅with i ∉ {1, r}.
(i) Suppose 1 < i < k. Then let M1 = Pzr−1zr−1Pzr−2zr−2 . . . Pzl+1zl+1Pzlzl and L1 = zk+1Pzkzk−1Pzk−1zk−2Pzk−2 . . . Pzi+1zi
Pzi−1zi−1Pzi−2 . . . z2Pz1 .
Further letM2 denote the following path
zkPzk+1zk+2 . . . Pzl−3zl−2Pzl−1zl−1Pzl−2zl−3Pzl−4zl−5 . . . L1
or the path
zkPzk+1zk+2 . . . Pzl−4zl−3Pzl−2zl−1Pzl−1zl−2Pzl−3zl−4 . . . L1
depending on whether k and l have the same or different parity.
Then we see that G− (M1 ∪M2) = W is a broken SF graph. By Theorem 3,W 2 has a Hamilton path P3(z1, zr)with z1 and
zr as end vertices. As suchM2P3(z1, zr)M1 is a suitable Hamilton path P(u, v).
(ii) Suppose i = k. Then letM1 = Pz1z2Pz2z3 . . . zk−1Pzk−1zk and L1 = zl−3Pzl−2zl−1Pzlzl+1Pzl+1zl+2Pzl+2 . . . zr−1Pzr−1 .
Further letM2 denote the following path
zlPzl−1zl−2Pzl−3 . . . zk+2Pzk+1zk+1Pzk+2zk+3Pzk+4zk+5 . . . L1
or
zlPzl−1zl−2Pzl−3 . . . zk+3Pzk+2zk+1Pzk+1zk+2Pzk+3zk+4 . . . L1
depending on whether k and l are of the same or different parity.
Then G − (M1 ∪ M2) = W is a broken SF graph. By Theorem 3,W 2 has a Hamilton path P3(z1, zr) with z1 and zr as end
vertices. As suchM2P3(zr , z1)M1 is a suitable Hamilton path P(v, u).
(iii) Suppose 2 ≤ k < i < l ≤ r − 1. Then let
L1 = zk−3Pzk−2zk−1Pzkzk+1Pzk+1zk+2 . . . zi−1Pzi−1ziPzi+1zi+1Pzi+2zi+2. Also, letM1 denote the following path
zkPzk−1zk−2Pzk−3zk−4 . . . z5Pz4z3Pz2z2Pz3z4Pz5 . . . L1
or
zkPzk−1zk−2Pzk−3zk−4 . . . Pz5z4Pz3z2Pz2z3Pz4z5 . . . L1
depending on whether k is odd or even.
Now if l and r are of the same parity, then let
L2 = Pzr−1zr−2Pzr−3zr−4 . . . zl+2Pzl+1zl and L3 = zl−2Pzl−1zl−1Pzlzl+1 . . . zr−1Pzr
otherwise let
L2 = Pzr zr−1Pzr−2zr−3 . . . zl+2Pzl+1zl and L3 = zl−2Pzl−1zl−1Pzlzl+1 . . . zr−2Pzr−1 .
Finally, let P1(zk) = M1 · · · L3. Then we see that G − (P1(zk) ∪ L2) = W is a broken SF graph. So, by Theorem 3, W 2
has a Hamilton path P(zr , z) with zr and z as end vertices, where z is a vertex in W and z is adjacent to zr . In this case,
P1(zk)P(z, zr)L2 or P1(zk)P(zr , z)L2 (depending on whether l and r are of the same or different parity) is a suitable Hamilton
path P(u, v) (because z is adjacent to a vertex of Pzr and zr is adjacent to a vertex of Pzr−1 ).
We now consider the remaining case where k = 1 or l = r .
Suppose l = r and k ≥ 2. Let P1(zk) and P(z, zr) be as defined in Case (2.2)(iii). Then P1(zk)P(z, zr) is a Hamilton path in
G2 with zk and zr as end vertices.
Suppose l = r and k = 1. Since zi is a pendent-free vertex where 2 ≤ i ≤ r − 1, we may take P(u, v) to be the following
Hamilton path
z1Py2y2Py3y3 . . . yn−2Pyn−1yn−1Pynzr−1Pzr−1zr−2Pzr−2 . . . zi+1Pzi+1ziPzi−1zi−1 . . .
z3Pz2z2Pz1x2Px2x3Px3 . . . Pxm−2xm−1Pxm−1zr .
This finishes the proof. 
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